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MO DAU

1 Tong quan tinh hinh nghién citu

Nguyeén 1f 4nh xa co Banach trén khong gian métric day du 1a mot két qua
noi bat trong Giai tich. Két qua nay dugce nhiéu tac gia quan tam nghién citu
va md rong cho nhiéu anh xa trén nhiéu khong gian khac nhau [3]. Nam 2009,
trong [18], Q. Zhang va Y. Song da md rong dnh xa co thanh dang ¢-co yéu
suy rong trong khong gian meétric vi da ching minh dinh 1i diém bat dong
cho dang ¢-co yéu suy rong nay.

Tiép dén nam 2010, trong [14], M. A. Khamsi da gidéi thieu mot khai niem
métric suy rong méi goi la kiéu-métric va thiét lap dugc mot s6 dinh i vé
diém bat dong chung trong khong gian nay. Tuy nhién, con nhiéu dang dinh
li diém bat dong trong khong gian meétric chua duge thiét lap trong khong
gian kiéu-métric.

o) trong nudc, huéng nghién citu vé dinh 1f diém bat dong trén khong gian
métric suy rong ciing duge mot so6 tic gid quan tam nghién citu. 0 Truong
Dai hoc Vinh, mot s6 tac gid quan tam dén mot s6 dang md rong cu thé
cua dinh Ii co. Nam 2012, K. P. Chi va cac cong sy da ching minh dinh Ii
diém bat dong cho céc 16p anh xa théa man didu kien co Ciri¢ trong [13];
thiét 1ap va chiing minh dinh 1i co Meir-Keeler dya trén cic 16p anh xa T-co
trong [5]. O Truong Dai hoc Déng Thap, mot s6 tac gia quan tam dén mot
s6 dang dinh 1i diém bat dong trén khong gian métric va khong gian métric

suy rong. Trong [2], N. V. Dung va cic cong su da ching minh ring khong



gian 2-métric 1a chinh quy va trinh bay moi quan hé gitta hoi tu trong khong
gian 2-métric va khong gian métric. Nam 2013, N. V. Dung [6] d& mé rong
két qua ciia M. E. Gordji va cic cong su trong [9]; N. T. Hieu va cac cong
su [11] d& md rong két qua cia E. Karapinar va cic cong su trong [13]. Gan
day, trong [10], tac gia N. T. Hieu va V. T. L. Hang da thiét lap va chiing
minh duge dinh 1i diém bat dong kép cho anh xa a-i-co trong khong gian
kiéu-métric sip thid tu.

Tt nhitng van dé trén, ching toi diat van dé md rong nhiing két qua doi

v6i khong gian métric trong [18] cho khong gian kiéu-métric.

2 Tinh cap thiét ctia dé tai

Khi nghién cttu vé khong gian kiéu-métric ching t6i nhan thay cé nhiéu
dinh i ctia khong gian métric chua duge mé rong vao khong gian kiu-métric,
trong dé6 c6 dinh 1i diém bat dong cho dang ¢-co yéu suy rong. Do dé, chiing
toi dat van deé tuong tu hoa nhitng két qua doéi véi dang p-co yéu suy rong
tren khong gian métric trong [18] cho khong gian ki¢u-métric.

Viéc nghién citu dé tai nay sé gop phan giai quyét bai toan diem bat dong
cho dang ¢-co yéu suy rong trong khong gian kiéu-métric. Qua dé, dé tai gop
phan nang cao chat lugng hoc tap va nghién citu cac mon hoc Giai tich trong

chuong trinh Dai hoc Su pham nganh toan.

3 Muc tiéu nghién citu

- Thiét lap, chiing minh dinh i diém bat dong déi v6i dang ¢-co yéu suy
rong trong khong gian ki¢u-métric.

- Xay dung vi du minh hoa cho két qua dat dugc.



4 CAch tiép can va phuong phap nghién ciu

Céch tiép can: thiét lap dang ¢-co yéu suy rong trong khong gian kiéu-
métric tit dang p-co yéu suy rong trong khong gian métric va stt dung nhiing
ki thuat tuong tu nhu trong khong gian métric dé ching minh dinh 1i diém
bat dong trong khong gian kiéu-métric.

Phuong phap: nghién cttu tai lieu, bang cach tuong tu nhitng két qua da
c6 dé dé xudt két qua méi. Cac két qua nay duge théo luan chi tiét véi céc

tac gia cung linh vyc nghién ctu.

5 D6bi tugng va pham vi nghién ciu

Dé tai nghién citu dinh 1i diém bat dong cho dang ¢-co yéu suy rong trong
khong gian kiéu-métric.
Dé tai thugc linh vie 1i thuyét diém bat dong trong khong gian métric

suy rong.

6 NOoOi dung nghién ctu

Dé tai nghién citu dinh li diém bat dong cho dang ¢-co yéu suy rong trong
khong gian ki¢u-métric. Noi dung chinh clia dé tai dugc trinh bay trong
2 chuong

Chuong 1: Trinh bay nhitng kién thtc chuan bi.

Chuong 2: Trinh bay dinh li diém bat dong cho dang (-co yéu suy rong

trong khong gian kiéu-métric va ap dung.



CHUONG 1

KIEN THUC CHUAN BI

1.1 Dang ¢-co yéu suy rong trong khéng gian métric

Trong muc nay, ching toi trinh bay nhiing kién thiic co ban vé dang (p-co
yéu suy rong trong khong gian métric.
1.1.1 Dinh nghia ([8], trang 70). Gia sit (X, d) 1a mot khong gian métric
va T : X — X la mot anh xa. T dudc goi 1a mot dnh za co néu ton tai
k € (0,1) sao cho d(Txz,Ty) < kd(x,y) v6i moi x,y € X.
1.1.2 Dinh nghia ([1]). Gid sit (X,d) 1a mot khong gian métric va T :
X — X la mot anh xa. T dudc goi la mot dnh za p-co yéu néu ton tai

¢ : [0, +00) — [0, +00) sao cho ¢(t) > 0 v6i moi t > 0, ¢(0) =0 va

d(Tz,Ty) < d(z,y) — ¢(d(z,y))

v6i moi x,y € X.

1.1.3 Nhan xét ([16]). Anh xa co 1a truong hop dic biet clia anh xa @-co
yéu véi o(t) = (1 —k)t,t >0,k € (0,1).

1.1.4 Dinh nghia ([15], Definition 7.0.1). Gid st (X, 7) la mot khong gian
topo va p 1 X — R 1a mot 4nh xa. Khi d6 @ dugc goi la nia lién tuc dudi
tai zg néu véi mdi p(xg) € (r;400) thi anh nguge clia tap nita mé (r; +00)
dugc chita trong tap mé U € X chia diém zo. Nghia la ton tai tap mé U € 7

sao cho zg € U C o~ Y(r; +00), v6i moi p(xq) € (r; +00).



Anh xa ¢ duoc goi 1a nia lien tuc dudi trén X néu nhu ¢ nita lién tuc

dusi tai moi diém zy € X.
1.1.5 B6 dé ([15], Proposition 7.1.1). Cho (X, d) la mot khong gian métric.

Mot ham so ¢ : X — R la nita lién tuc dudi tai diém xo € X néu va chi néu

o(zp) < liminf p(x).
T—T0

Theo [4, Dinh 1i 4], ta c6 bo dé sau:

1.1.6 Bo dé. Néu ¢ : X — X la mot dnh za lien tuc va lim z, = x thi

n—oo

Tim p(z,) = p(2).

1.2 Khong gian kiéu-métric
Trong muc nay, ching toi trinh bay nhitng kién thiic co ban vé khong gian
kiéu-meétric dugc diing trong dé tai.

1.2.1 Dinh nghia ([14], Definition 2.7). Cho X la mot tap khac rong, K > 1
1a mot s6 thyc va D : X x X — [0, 400) 1a mot ham thda man cac diéu

kién sau:

(1) D(x,y) = 0 khi va chi khi z =y,

(2) D(z,y) = D(y,x) v6i moi x,y € X,

(3) D(x,2) < K[D(,y1) + ... + D(Yn, 2)] v6i moi &, 41,...,yn, 2 € X.

Khi dé, D duge goi la mot kiéu-meétric tren X va (X, D, K) dugc goi la mot

khong gian kiéu-métric.
1.2.2 Nhan xét.

(1) (X,d) la mot khong gian métric khi va chi khi (X, d, 1) la mot khong gian

kiéu-métric.



(2) Trong [12] cic tac gia da xét mot khong gian kiéu-métric khac, trong d6

diéu kién (3) ctia Dinh nghia 1.2.1 dugc thay béi diéu kien sau
D(z,z) < K[D(z,y) + D(y, z)] v6i moi z,y,z € X.

1.2.3 Dinh nghia ([14], Definition 2.8). Cho (X, D, K) la mot khong gian
ki¢u-métric va {x,} 1a mot day trong X. Khi dé

(1) Day {z,} dugc goi la hoi tu dén z € X, ki hieu 1a lim z, = z, néu

n—oo

lim D(z,,z) = 0. Khi d6 = dugc goi 1a diém gidi han cia day {z,}.

n—oo

(2) Day {z,} dugc goi 1a mot day Cauchy néu lim D(zy,,x,) = 0.

7,1M—00
(3) Khong gian (X, D, K) dugc goi 1a day di néu mdi day Cauchy trong
(X, D, K) la mot day hoi tu.

1.2.4 Nhan xét. Trong khong gian kiéu-métric, topo duge hiéu 1a topo cam
sinh bdi sy hoi tu clia né. Diéu nay c6 nghia 1a tap A md trong khong gian
kiéu-maétric khi va chi khi véi mdi = € A, nlgl(r)lo T, = x, ton tai ng sao cho
T, € A v6i moi n > ngy. Khi d6, kieu-métric D : X x X — [0, +00) Ia lien
tuc tai (z,y) néu va chi néu Tim D(zpn,yn) = D(x,y) v6i moi day {x,}, {yn}

ma lim x, =z, lim y, =y.
n—o0 n—oo

1.2.5 Vi du. Xét X = {0,1,2} va D xac dinh béi
D(0,0) = D(1,1) = D(2,2) = 0,D(1,2) = D(2,1) = 4,
D(0,1) = D(1,0) = D(0,2) = D(2,0) = 1.
Khi d6 (X, D, K) 13 mot khong gian kiéu-métric day da véi K = 2.

Ching minh. V6i moi x,y € X, ta c¢b
D(z,y) = 0,
D(z,y) = 0 khi va chi khi z = v,



D(z,y) = D(y, ).

V6i moi z,y1,...,yk y € X, ta can chiing minh
D(z,y) <2[D(z,y1) + ...+ D(yk,y)]. (1.1)

Chung ta xét cac truong hgp sau:
Truong hop 1. D(x,y) = D(0,1) = 1. Ta c6 thé gid thiét y; = ... = yp = 2.
Khi do
D(0,1) = 1 < 10 = 2[D(0,2) + D(2,1)].

Truong hop 2. D(x,y) = D(0,2) = 1. Tacé thé gid thiét y; = ... = yp = 1.
Khi do
D(0,2) =1 < 10 = 2[D(0,1) + D(1,2)].

Truong hop 8. D(x,y) = D(1,2) = 4. Ta c6 thé gid thiét y; = ... =y, = 0.
Khi d6
D(1,2) =4 =2[D(1,0) + D(0,2)].

Tu cac truong hop tren, ching t6 két luan (1.1) 1a dung. Vay D 14 mot
kiéu-métric tréen X véi K = 2.
Mit khac, gid st {x,} & mot day Cauchy trong (X, D, K). Khi d6

lim D(xy,,z,) =0.

n,Mm—>00

.. L . 1
2 ton tai ng sao cho v6i moi m,n > ngy ta ¢6 D(xy,, z,,) < o
Vay D(zp,xn) = 0 v6i moi m,n > ng. Khi d6 z, = x,, = z,, v6i moi

Do do6 v6i € =

m,n > ng. Suy ra lim z,, = x,,. Vay {z,} la mot day hdi tu.
n—oo

Do dé (X, D, K) la mot khong gian kicu-métric day dua véi K = 2. O

Trong [10], cac tac gid da ching té rang kicu-métric D trong Dinh nghia 1.2.1

la mot anh xa khong lién tuc.



1 1
1.2.6 Vi du ([10], Example 2.1). Cho X = {0,1,5,...,—,...} va D :
n

X x X — [0;+00) xéc dinh béi

(

0 khi x =1y
1 khi = #yvaz,y € {0,1}
D(z,y) = ¢ 11
1 P
3 khix#yvax,ye{l,—},nzz
\ n

Khi d6 D 13 mot kiéu-métric khong lién tuc véi K = 3.

Ching minh. V6i moi x,y € X, ta co
D(z,y) >0,
D(z,y) = 0 khi va chi khi z =y,
D(z,y) = D(y,z).

V6i moi x,y1,...,yk y € X, ta can chiing minh

D(z,y) < 3[D(z, 1) + ...+ D(yx,y)]. (1.2)

o= D(z,y1)+ ...+ Dy, y).

Chung ta xét ba truong hgp sau:

1 1
Truong hop 1. D(z,y) = D(0,1) = 1 hodc D(x,y) = D(1,—) = 3 v6i
n
1
nZZ.Khid()UZg.
1 1 L s
Truong hop 2. D(z,y) = D(0,—) = — v6in > 2. Néuton taii € {1,...,k}
n n
1 ) 1
Saochoyizlthiazgv\ neuvéimoiis=1,...,ksaochoy; #1thioc > —.
n
. 11 1 1 PN .
Truong hop 3. D(z,y) = D(—,—) = |— — —|. Néu ton tai ¢ € {1,...,k}
n’'m n o m
1 .
sao cho y; = 1 thi ¢ > 3 va neu véi moi ¢ = 1,...,k sao cho y; # 1 thi

(o

1 1
n  ml



Tu cac truong hgp trén, chiing t6 két luan (1.2) 1a dang. Vay D la mot

kiéu-métric tren X véi K = 3.

lim D (1,()) ~lim £ =0,

Mat khac, ta co

n—00 n n—o00 M,

Tuy nhién

n—00 n

lim D (1,1) :%#1:1}(0,1).

Do d6 D khéng lién tuc. ]
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CHUONG 2

DINH Li PIEM BAT PONG POI VOI DANG
»-CO YEU SUY RONG TRONG KHONG GIAN
KIEU-METRIC VA AP DUNG

2.1 Dinh li diem bat dong déi véi dang op-co yéu
suy rong trong khéng gian kiéu-métric
Trong muc nay, ching t6i mé rong dinh 1i diém bat dong déi véi anh xa

@-co yéu suy rong trén khong gian meétric trong [18] sang anh xa p-co yéu
suy rong trong khong gian kiéu-métric.
2.1.1 Bé dé. Cho (X, D, K) la mot khong gian kiéu-métric. Néu day {x,}

hoi tu thi diém gidi han cia né la duy nhat.

Chitng minh. Gia su day {z,} hoi tu vé z va y trong X. Khi d6, v6i moi

n € N, ta co

0 < D(z,y) < K[D(z,x,) + D(zn,y)].
Cho n — oo ta dugc D(z,y) =0 hay x = y.
Vay diém gi6i han ctia day {z,} la duy nhat. O

2.1.2 Dinh li. Cho (X, D, K) la mot khong gian ki€u-métric day di, D la

mot ham lién tuc va T,S : X — X la hai anh xq sao cho vdi moi x,y € X,

D(Tx, Sy) < M(x,y) — p(M(z,y)) (2.1)
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d day o : [0, +00) — [0, +00) la mot ham s6 nia lien tuc dudi, khong gidm,
©(t) >0 vdi moit € (0,+00), ©(0) =0 va

M (z,y) = max {D(aj,y), D(Tz,x), D(Sy,y), 1 [D(y,TaJ) + D(x, Sy)} }

2K
(2.2)
Khi d6 S va T ¢6 mot diém bat dong chung duy nhat, nghia la ton tei duy

nhat mot diém u € X sao cho u = Tu = Su.

Chiing minh. Truong hgp 1. Ton tai x,y sao cho M(z,y) = 0. Khi d6 x =y
la diém bat dong chung ctia T va S.

That vay, vi M(x,y) =0 va
D(z,y) < M(z,y), D(Tz,x) < M(z,y), D(Sy,y) < M(z,y),
nén D(x,y) = D(Tz,z) = D(Sy,y) = 0. Diéu nay c¢6 nghia 1a
r=y=Te=Ty=Sr=_9y.

Truong hgp 2. V6i moi z,y ta c6 M(z,y) > 0.

Bude 1. Xay dung day lap {x,} théa man nh—glo D(zp, xp41) = 0.

Lay zg € X, dit o1 = Sxg, 29 = Tx1, 23 = Sx9, ... Tiép tuc qua trinh nay
ta chon dugc x, € X sao cho xo,19 = Txop11, Topt1 = Sxo, v6i moi n > 0.

Gia si n 16, tit (2.2) ta ¢
D(Tx,, Stp_1)

M (xp, Tp—1) — (M (2, Tn-1))
M (xy, xn—1)

D(2nt1,7n)

VAR VAN

max {D(xTw xn—l)a D(xn+1a ZCn), D(mna xn—l)a
1

o [D(zp—1,n41) + D(zp, x”)}}
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max {D(a:n, Tn-1), D(xps1,20), D(xn, Tp_1),

1

2K K (D(2n-1,2n) + D(y, 5”"“))]}

max {D(:Un+1, Tp), D(xy, $n—1)}-

Néu ton tai n 1é sao cho max {D(zyi1,2n), D(@n, Tp-1)} = D(Tni1, )

thi M (zp, xp_1) = D(xpa1,2,) > 0. Do d6

D(In—i—la xn) S D(xn—i—l; xn) - @(D(wn—l—la xn)) .

Diéu nay 1a vo 1i. Vay v6i moi n 1é | ta co

D(zpi1,vn) < D(xy, Tp_1). (2.3)

Gia stt n chan, tir (2.2) ta c¢6

D(l’n, xn—i—l)

IN A

IN

D(T:(;n_l, S.’I?n)
M(zp_1, ) — go(M(xn_l, xn))
M(-Tn—la xn)

max {D(aznl, Tn), D(xp, Tp_1), D(Tpi1, Tn),

1
Ve [D(zn, 20) + D(Tpp—1, Tpi1)] }

max {D(xn—la xn); D(.Tn, xn—l)a D(xn—i—h Q]n),

1
31 K (D(eaos, ) + Dl 1)}

max {D(xn, Tna1), D(xp_1, xn)}

Néu t6n tai n chin sao cho max { D(zy, Tn+1), D(xn_1,2,)} = D(p, Tns1)

thi M (z,_1,2n) = D(2n, Zne1) > 0. Do d6

D(ajnaxn—i—l) S D($n7xn+1) - @<D<xna$n+l>)-

Diéu nay 1a vo li. Vay v6i moi n chén, ta c6

D(zp, xpn1) < D(xp, Tp_1). (2.4)
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Nhu vay, tut (2.3) va (2.4) ta suy ra {D(ajnﬂ,xn)} 14 mot day sd thuc

khong tang va bi chan dudi béi 0. Vi thé ton tai » > 0 sao cho

lim D(x,, zpe1) = lim M(z,, x,-1) = 7. (2.5)

n—oo n—oo

Vi ¢ la ham ntta lien tuc dudi nén ta c¢6 ¢(r) < liminf (M (2y, 2,-1)).

n—oo

Luu ¥ rang, v6i moi n ta c6
D(xn—l—laxn) < M<xnaxn—1) - @(M(xnaxn—l)) (26)
Lay gi6i han dudi khi n — oo trong (2.6) va st dung (2.5) ta ¢6

r<r-— liminfgp(M(xn,SEn_ﬂ) <7 —p(r).

n—oo

Vay ¢(r) < 0 hay ¢(r) = 0. Suy ra r = 0. T d6 ta co

lim D(zp, xp41) =17 =0.
n—oo

Bude 2: Chiing minh day 1ap {x,} 1a mot day Cauchy.

Dat ¢, = sup {D(xj, xg) g k> n} Khi do6 {c,} 1a mot day khong tang.

Néu nh_)Ilolo ¢, = 0 thi nll_)II;O sup {D(z;,x1) : j,k >n} = 0. N6i cach khéc, voi
moi e > 0, ton tai ng sao cho véi moi n > ng ta cé sup {D(xj,xk) gk > n} <
e. Vay D(zj,z1) < € v6i moi j, k > n. Chon n = ng, khi d6 véi moi 7,k > ny
thi D(z;, z1) < . Diéu nay ¢6 nghia {x,} la mot day Cauchy.

Gia sit rang nh_)IIolO ¢, =c > 0. Chon € < %, khi d6 ton tai N sao cho véi

moi n > N ta co

D(rpi1,my) <evae, <c+e. (2.7)

Vi eny1 = sup {D(xm, zs) : myn > N + 1} nén ton tai m,n > N + 1 sao cho
D(zp,xn) > cng1 —€ > cCc—€. (2.8)

Dieu nay kéo theo
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Mit khac, tit (2.2) ta c6

D(l’m, xn) — D(Txm—la an—l) S M(xm—lv xn—l) - @(M(xm—la In—l)) .
(2.10)
Ap dung (2.9) va e < g ta suy ra

M(I’m_b xn—l) = maxX {D(xm—b fEn_l), D(‘rm7 xm—l)a D(CUTU xn—l)a

1
ﬁ [D(xn—la xm) + D(a:m—la xn)} }
Z D(xm—ly xn—l)
c— 3¢
>
- K
C
> —.
- 2K

Vi M (-1, Tp-1) > % va o 1a mot ham khong gidm nén

(M (zm-1,7n-1)) > 90(2;()

Mt khac, v6i m,n > N + 1 thi M (2,1, 2,-1) < cn. Do d6, theo (2.10) ta

c6 D(xp, Ty) < ey — @(2]{) v6i moi m,n > N + 1. Tu do suy ra
c
< 2.11
CNi1 < CN — SO(ZK) (2.11)

Tir (2.7), (2.8) va (2.11) tacd c— & < c+ & — p(=—

2K>' Cho € — 0% ta suy

rac<c— gp(%) Diéu nay 1a vo 1i vi ¢ > 0.

Vay ¢ = 0, nghia la {z,} l& mot day Cauchy.

Budc 3. Ching minh day Cauchy {z,} hoi tu vé diém bat dong chung clia
T va S.

Vi X la mot khong gian kiéu-meétric day di nén ton tai v € X sao cho

lim z,, = w. Hon ntta lim x4, = u va hm Topil = U.
n—oo n—oo

Tiép theo, ta ching minh v = Tu = Su. That vay, gid st u # Tu, khi do
D(u,Tu) > 0. Suy ra ton tai N; € N sao cho v6i moi n > Ny, ta c6

1
D(zopi1,u) < =D(u,Tu), D(x9,,u) <

5 D(u,Tu),

DN | —
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1
D<x2m xQn—l—l) < §D(’LL, TU)
Tu do suy ra
D(u, Tu)
S M(u7 xQn)
1

= max {D(u, Ton), D(u, Tw), D(@2n41, Ton), == [ D(u, T2n41) + D(won, Tu)] }

oK
< max { D(u, 22,), D(w, Tu), D{wans1, 2n),

% {D(u, Tont1) + K(D(xgn, u) + D(u, Tu))} }
< max {%D(u, Tu), D(u, Tu), %D(u, Tu), % [%D(u, Tu) + %D(u, Tu)] }

= D(u,Tu).

Vay M (u, x2,) = D(u, Tu).
Khi do

D(TU, $2n+1) = D(TU, S$2n)
< M(u, zon) — (M (u, z2,))

D(u, Tu) — ¢(D(u, Tu)).

Lay gi6i han khi n — oo ta duge D(Tu,u) < D(Tw,u) — ¢(D(Tu,u)). Diéu
nay la mau thuan véi D(u, Tu) > 0. Vay u = Tu.

Ta lai c6

D(u, Su) D(Tu, Su)

< M(u,u) — gp(M(u, u))
D(u, Su) — ¢(D(u, Su)).

T d6 D(u, Su) =0 hay u = Tu = Su.
Nhu vay, tit Truong hop 1 va Truong hop 2 ta suy ra S va T c6 diem bat
dong chung.
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Cubi cling, ta chiing minh tinh duy nhat ctia diém bat dong chung ctia S

va 1. Gia st ton tai v sao cho v = Twv = Sv. Ta c6

D(u,v) = D(Tu,Sv)
< M(u,v) — p(M(u,v))
= D(u,v) — ¢(D(u,v)).
Suy ra D(u,v) = 0. Vay u = v. O

2.2 Ap dung

Trong muc nay, ching to6i dua ra mot s6 hé qua ctia Dinh 1 2.1.2 va xay

dung vi du minh hoa cho két qua dat dugc.

2.2.1 Hé qua. Cho (X, d) la mot khong gian métric day divaT,S : X — X

la hat anh za sao cho vdr moi x,y € X,
d(Tx, Sy) < M(z,y) — o(M(z,y)),

d day ¢ : [0, +00) — [0, +00) la mot ham s6 nia lien tuc dudi, khong gidm,

©(t) >0 vdi moi t € (0,+00), ©(0) =0 va

M (z,y) = max {d(x, y),d(Tx,z),d(Sy,y), [d(y, Tz)+ d(z, Sy)} }

1
2
Khi dé S va T ¢6 mot diém bat dong chung duy nhat.

Chatng minh. Hé qua c6 dugce bang cach thay K = 1 trong Dinh 1{ 2.1.2. [

Luu y rang He qua 2.2.1 tuong ty nhu [18, Theorem 2.1] ngoai trit gia
thiét khong gidm ctia . Tuy nhién, trong chiing minh ctia [18, Theorem 2.1]

c
§ trang 77, t0¢ M (21, Tp_1) > 5" Céc tac gia suy ra

P(M(@n-1,20-1)) 2 0(5).

Diéu nay 1a chua hgp 1i.
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2.2.2 Hé qua. Cho (X, D, K) la mot khong gian kiéu-métric day di, D la

mot ham lién tuc va T : X — X la mot anh xa sao cho vdi moi x,y € X,
D(Tvay) < M(x’y) _ QO(M(xvy»a

d day ¢ : [0, +00) — [0, +00) la mot ham s6 nita lien tuc dudi, khong giam,

©(t) >0 vdi moi t € (0,+00), ©(0) =0 va

M (z,y) = max {D(:):, y), D(Tx,x), D(Ty,y), % [D(y, Tx) + D(z,Ty)] }

Khi d6 T c6 diém bat dong duy nhat, nghia la ton tei duy nhat mot diém

u € X sao chou ="Tu.

Chatng minh. He qua c6 dude bang cach thay S = T trong Dinh 1{ 2.1.2. [

2.2.3 Vi du ([18], Example 2.3). Cho X = [0, 1] va dit d(z,y) = |z — y| vdi
1

moi z,y € X. Cho Tz = §x2 va Sz =0 véimoi x € X.

1
Khi dé6 d(Tx, Sy) = ng va

1
—2?—x

Map) = max{le = |

= (ly - 22| + Jaf
7972 ygm xr
1, 1 12>}

= max{\x—y\,x—gx ,y,§<x+‘y—§x

Ta xét cac truong hgp sau:

1
Truong hop 1. 0 <y < §x2 . Khi do

1 1 1
M(I,y) :max{|x—y|,m—§x2,y,— (ZE’—I— ‘y_g'%z

1
Truong hop 2.y > x — gch. Khi do

1 1 1
M(Iay) :max{|x—y|,x—§x2,y,§ (.I—{— |y—§£l’i2
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1 1
Truong hop 3. §:L'2 <y<zx-— ng. Khi do

1 1 1
M('Tay) :max{]az—y],x——xQ,y,— (iE+ ‘y__xQ

3 2 3
¢ . 1 )
T —y khi 0<y< -z
N 1, 1, 1,
Vay M (z,y) = < T =g khi 37 <y<x—§m
1
Y khi x—§x2§y.

) 1
Xét ham s6 p(t) = ét vl moi ¢ € [0, +00). Khi dé ta c6

d(Tz,Sy) < M(x,y) — o(M(z,y))

v6i moi x,y € X.
Dong thoi, cac gia thiét con lai trong Hée qua 2.2.1 déu thoéa man. Do do
Heé qua 2.2.1 ap dung duge cho S va T trén (X, d).
Luu ¥ rang trong tai li¢u [18] cac tac gia da tinh gia tri
M(z,y) = l(x—l—y—lxz) khi = — le <y
’ 2 3 3 — 7
Tuy nhién két qua nay 1a chua chinh xac. Két qua dang phai 1a
1
M(z,y) =y khi z— §x2 <.
2.2.4 Vi du. Xét X = {0,1,2} va D xac dinh béi
D(0,0) = D(1,1) = D(2,2) = 0, D(1,2) = D(2,1) = 4,
D(0,1) = D(1,0) = D(0,2) = D(2,0) = 1.

Theo Vi du 1.2.5 thi khi d6 (X, D, K) 14 mot khong gian kiéu-métric day
da véi K = 2.
Xét hai anh xa T, S : X — X xéac dinh bdi

TO=T1=T2=0,50=0,51=2,52=1.
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Khi d6 D(Tz,Sy) = D(0,5y) = 4 © "0 ¥=0
1 khi y#0
M(z,y) = maX{D(m,y),D(Tx,x) D(Sy,y), %[D(y, Tz)+ D(x, Sy)}}
= max{D(w,y),D(O,x) D(Sy,y), }l[ 0) + D(z, Sy)}}

Ta xét cac truong hgp sau:

Truong hop 1. x =y = 0. Khi d6

M(z,y) = max {D(o, 0), D(0,0), D(0,0), ~ [D(0,0) + D(0,0)] } —0.

1
4
Truong hop 2. x =0,y = 1. Khi do6

M(z,y) = max {D(o, 1), D(0,0), D(2,1), ~ [D(1,0) + D(0,2)] } — 4.

1
4
Truong hop 3. x =0,y = 2. Khi do

M(z,y) = max {D(o, 2), D(0,0), D(1,2),~[D(2,0) + D(0,1)] } — 4.

1
4
Truong hop 4. x =1,y = 0. Khi do

1
M(a,y) = max { D(1,0), D(0,1), D(2,0), £ [D(0,0) + D(1,0)] } = 1.

Truong hop 5. x =y = 1. Khi do

M(z,y) = max { D(1,1), D(0.1), D(2.1) i [D(1.0) + D(1.2)] } =4
Truong hop 6. v =1,y = 2. Khi do
M(z.y) = max { D(1,2). D(0.1), D(1.2). i [D@2.0)+ DL 1] } =4

Truong hop 7. x = 2,y = 0. Khi do6

M(z,y) = max {D(Q,O),D(O,Q), D(1,0),~[D(0,0) + D(2, 1)]} —1.

1
4



20

Truong hop 8. x = 2,y = 1. Khi d6

1
M(a,y) = max { D(2,1), D(0.2), D(2,1), 1 [D(1,0) + D(2.2)] | = 4
Truong hop 9. v =y = 2. Khi d6

M(z.y) = max { D(2,2), D(0.2), D(1.2). i [D@2.0)+ D@.1)] } =4

0 khi 2=y =0
Vay M(z,y) =4 1 khi y=0,2#0
4 khi y#0,2 € X.

. 1
Xét ham so p(t) = Et’ voi moi ¢t € [0, +00). Khi do ta c6
D(Tx,Sy) < M(x,y) — QO(M(x,y)).

Dong thoi, cac gia thiét con lai trong Dinh 1f 2.1.2 déu théa méan. Do d6

Dinh 1i 2.1.2 4p dung dugc cho S va T trén (X, D, K). Mac khac, vi
D(2,1) =4 > D(2,0) + D(0,2) =1+ 1 =2

nén D khong 1a mot métric trén X. Do d6 Hé qua 2.2.1 khong ap dung duge
cho S va T trén (X, D).
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KET LUAN VA KIEN NGHI

1 Két luan

Dé tai da dat dugc nhiing két qua sau:

- Hé théng nhitng khai niém, tinh chat co ban vé dang ¢-co yéu va khong
gian kiéu-métric.

- Thiét lap, ching minh dinh li diém bat dong cho dang ¢-co yéu suy
rong trong khong gian kiéu-meétric va xay dung vi du minh hoa: Dinh 1f 2.1.2,
Hé qua 2.2.1, Hé qua 2.2.2, Vi du 2.2.4.

Cac két qua trén da dugde trinh bay trong Hoi nghi sinh vién nghién cttu
khoa hoc ndm 2013, Truong Dai hoc Dong Thap [17] vA mot ban thao bai
béo khoa hoc da gii dang [7].

2 Kién nghi

Dé tai co thé duge phat trién theo nhitng huéng sau:

- Trinh bay vi du ching t6 néu bo di gia thiét “khong gidm” trong Dinh 11 2.1.2
thi két luan khong con ding nita.

- M6 rong Dinh i 2.1.2 bing viéc bd sung thém mot sé gia tri mdéi vao

dieu kién co.
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